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1 DMotivation

The Shallow Water Equations (SWE) or Saint-Venant Equations are a depth-averaged, first-order,
and hyperbolic system of PDEs for free-surface water wave modeling. Since they are one of the most
widely used models for geophysical studies, a large body of work has been devoted to determining
their validity range. A particularly challenging problem is to model a standing shock wave that
arises from the shallow water circular hydraulic jump (see Figure 1), where phenomena like carbuncles
(more commonly observed in the study of gas dynamics) take place. Numerical evidence suggests that
such a complex flow could be captured with the SWE through a carefully tailored numerical scheme
[6]. Moreover, experimental results indicate that viscosity plays an important role in the behavior
of marginally stable structures such as a standing hydraulic jump [11]. Motivated by this, the main
goal of this course project is to formulate a shallow water-type model that includes a fourth-derivative
"hyperdiffusive” term, and its a robust and scalable discretization.

2 Mathematical model

In their two-dimensional form, the SWE read

h hu hv 0
O | hu |+ 0y | hu® + Sgh |+ 0, huv | +|ghdzp | =0, (1)
hv huv hv? + %gh ghdyzp
where h denotes water depth, g gravitational force, z; bottom topography, and u and v are the depth-
averaged fluid velocity in the x and y directions respectively. In this work, we are concerned with the

addition of a linear hyperviscosity source term of the form (—,uA)Qc,yn, 0, O)T to the right-hand side of
(1), where A? is the biharmonic operator, given by

A% = 0in+0yn+2070}n, (2)

and n(x,y,t) = max{h(x,y,t) + zp(x,y),0} denotes the water surface elevation. Through a linear
dispersion relation analysis (see Appendix A) it can be shown that g > 0 is necessary for the resulting
system to be linearly stable. Since we want to solve the SWE in the annular domain Q = {(x,y) €
R? : rg < 4/x2 +y2 < r1}, it is convenient to formulate them in polar coordinates. Then, the SWE with
hyperviscosity may be written as

h hu 1 hv 0 by ~pA? o1
O | hu |+ 0, | hu® + 1gh |+ =dg huv +| ghorzp |+ %(u2 v |= 0 , (3)
hv huv r w2+ %gh %gh@gzb %uv 0

where r = 4/x2 + y2, 6 = atan2(y, x), and now u and v refer to radial and angular velocity, respectively.
The biharmonic operator in polar coordinates becomes

r(r (r2 8/ +2r 830 — 020 +282020) + 8, — 28,02n) + 4020 + &y

rd

Af,e” =

(4)



Figure 1: Circular hydraulic jump setup. The water jet hits the bottom topography at the center of
the domain and flows outwards. The bathymetry rim forces water recirculation, which leads to the
formation of a standing hydraulic jump.

System (3) can be written as

010+ 0,F(a) + 99 G(a) +$5(@) +5, () = Sy (@) )

3 Numerical methods

We consider the following Cauchy problem for System (5)

q(r,0,0) = Qinitial (r,60),  in [ro,r1] x [0, 27,

q(r0,0,1) = dinflow(6,1),  in [0, 27[x[0, Tanall, (6)
q(r1,0,1) = Qoutflow (6, 1), in [0, 27 [x[0, Thnal],

q(r,0,1) =q(r, 2m,1) in [ro,r1] X [0, Thinal]-

Let the tensor /! be a discrete approximation of q (-, -, 7,). We evolve q'! to q["*! ~ q(-, -, 1, + Ar)
through operator splitting and a hybrid finite volume-finite difference numerical scheme to deal with
the advective and diffusive parts respectively.

Since we are interested in the behavior of the solution away from the center of the physical do-
main, we can safely use a logically rectangular grid in polar coordinates (Figure 3) mapped from a
uniform rectangular grid (Figure 2) without worrying about singularities at r = 0. Then, we naturally
impose the periodic boundary conditions in 6 by identifying C°™P; g=¢ with C°™P; g=a,, and the
inflow(outflow) boundary conditions at ro (r1) by using ghost cells.

3.1 Operator splitting
We split System (5) into two subproblems:

G+ 0,F(a) + 0 G(a) + Sy (a) + S, (@) =0, (ADV)
9rq =Sy (q), (DIFF)
which we solve through Lie-Trotter or Strang splitting [8]. For Lie-Trotter splitting, we
1. compute q* as an approximation of the solution q(-,-, Af) to (ADV) with initial data q!"I;
2. compute q"*!1 as an approximation to the solution q(-, -, Ar) to (DIFF) with initial data q*.
For Strang splitting, we

1. approximately solve (DIFF) with initial data g™l over a half-time step % to obtain q*;
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Figure 2: Grid in computational domain n

Figure 3: Grid in physical domain

2. compute g** as an approximate solution to (ADV) over a full step At with initial data q*;
3. compute q!"*! as an approximate solution to (DIFF) over a half-time step % with initial data

q**.

3.2 Advective terms

A finite volume discretization is used for the purely hyperbolic part of the system. Following [7, Ch.
23.2], the updates to the conserved quantity g, averaged over the physical cell C;;, take the form

At
K,-jAr

At
K,'J'AG

oIl =r - (AAQL ) + AL ) (B°AQr, 1o+ 870} 1) ()

Here, the capacity function x represents the ratio between the area of a cell in physical and compu-
tational domain, «;; = Alf"Aftlg. The fluctuations \?liAQ:.‘$1 j2.j and BiAQ?$1 Jo.j represent the net con-
tribution from the approximate Riemann solutions in the radial and angular directions, respectively.
The Riemann problems are solved in a dimension-by-dimension basis. Therefore, we get a half CFL

condition to estimate the time step [12]

1
At < —min{ ———— 8
270, Isr | Isol |~ (8)
KijAr KijAO

where s, and sg are the speeds of the waves emanating from the Riemann solutions in the radial and
angular directions. A detailed description of the one-dimensional Riemann solver for a flat bathymetry
is given in [6]. For the test cases involving a variable topography , like the one depicted in Figure 1,
we use a generalization of the solver presented in [6] based on hydrostatic reconstruction [2], which
is being developed by the Numerical Mathematics Group at KAUST. The resulting scheme for the
advective term:

e is second-order accurate for smooth solutions;
e preserves depth-positivity ;

e is entropy stable for flat bottoms;

e suppresses carbuncle instabilities.

The evolution of the advective terms 7 is carried out in PetClaw [1], a PETSc-based massively paral-
lelizable extension of the Clawpack library for the numerical solution of hyperbolic PDEs [10].



3.3 Hyperdiffusion term

The main concern of this work is the solution of the diffusive subproblem (DIFF). Since the first
equation decouples from the rest for this problem, we are left with a scalar biharmonic heat-like
equation

ath(r’ 0’ t) = _ﬂAIQ,.,g n(r, 0, t) (9)

The choice of surface elevation on the right-hand side term is intended to avoid the introduction
of spurious oscillations in scenarios where the surface elevation is (almost) constant and there are
discontinuities in the water depth due to the bathymetry. With this approach, if (9) is solved exactly,
a well-balanced solution to the advective subproblem would not be perturbed. Since the bathymetry
has no time evolution, from (9) we get

om(r,0,1) = —/JAE’QT](I’,H, 1). (10)

We discretize (10) using finite differences in time and space. To maintain the directly proportional
relation Az o« Ar, A8 arising from the CFL condition (8) of the explicit scheme (7), we need to integrate
(10) implicitly in time. We consider both Backward Euler

[n+1] _ ,[n]
n n
T = aA g, (11)
and Crank-Nicolson
,7[”+1] _ 77[”] _ —HA2 ,7[”+1] +77[n] (12)
At r.0 2 ’

In both cases, we have to solve a linear system of the form
(I+auA; o) nt"! = By, (13)

n+l [n+1]

, we go back to the conservative variable A" = max{n["*1 - z,,0}.
2
r,0’

for pl"*11. After getting n
To construct an approximation of A
imations for each derivative in (4).
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we use second-order accurate centered finite difference approx-

Figure 4: Second-order accurate centered Figure 5: Heatmap for stencil (15) with
finite difference stencil for Af 0 N, =Ng=6

The resulting stencil is diamond-shaped, as depicted in Figure 4, and takes the form

1 1
Af,gm[,nf I~ Z ai+k,j+l771[:_l]:j]+l, (14)
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Figure 6: Approximate condition number of A = (I + AtuAf g)s K(A) = [IA=Y]||A]|. For the solid lines,

[|A=Y|| is estimated by solving several problems Ax = b, with b random and unitary. Similarly, ||A|| is
approximated by ||Ax|| with x random and unitary. The dashed lines are given by max{1, uAtAr~4}.

where the non-zero coefficients are given by

Aj-9,j = Ar~d — AP T3, (15a)
ai—1 a1 = 2r 2(ArA0) 2+ r3ArTIAG72, (15b)
1
ai1; = —4Ar~t —4r 2 (ArAG) 2 = 2r 3Ar Tt AR + 2r AT - 2AF TR - §r_3Ar_1, (15¢)
ai-1,j-1 = Ai-1,j+1 (15d)
aijs2 = r A4, (15¢)
aijs1 = —4r A0 — 4r 2 (ArAG) T2 + dr A0, (15f)
ai;j =6Ar +6r A0 +8r 2 (ArA0) 2 + 2r 2Ar 2 - 8r71A072, (15g)
ai,j-1 = dij,j+1 (15h)
aj,j-2 = i, j+2 (151)
i1, a1 = 2r 2(ArAO) 2 = r 3 Ar A2, (15§)
1
aiv1,; = —4AAr™* —4r 2 (ArA0) 2 + 2r 3Ar A0 = 2k T AF TR - 2 Ar 2 4 §r_3Ar_1, (15k)
Aisl,j-1 = Qis1, j+1 (151)
Qjy2,j = Ar~t + AP S, (15m)

and r denotes r; ; for clarity. A heatmap of the stencil (15) is depicted in Figure 5, where a block-
circulant structure arises as a consequence of the periodic boundary conditions in §. As illustrated in
Figure 6, the condition number of the matrix A =1+ AtyAf’g grows proportionally to Ar~4 and, thus,
the problem (13) becomes severely ill-conditioned as the grid is refined.

The ghost cell-based boundary conditions in r are simply imposed by artificially setting to 1 the
center entry and zeroing-out the other entries of the stencil that correpond to a boundary in r. A
conditioning improvement that could be done, following [3], is to appropriately move the entries that
correspond to ghost cells (e.g. red cells in the first block of the heatmap 5) to the right-hand side
of the system. Then, a block preconditioner that exploits the resulting good structure of the sub-
matrices could be used. The construction of the necessary DMDAs, the matrix assembly, and the
preconditioning-solution (BoomerAMG+LGMRES with rtol=1.e-12) of the linear problems (13) has
been implemented using petsc/py [4].

4 Results

The solvers for the advective and diffusive subproblems communicate through PyClaw [5], a Python
interface to Clawpack. Since instabilities were observed in problems with discontinuous solutions with
Crank-Nicolson (we suspect this behavior is related to its lack of L-stability), we present only results
obtained with backward Euler in this section.



4.1 Quasilinear advection with hyperdiffusion

To qualitatively verify the behavior of the discrete radial biharmonic operator without the effect of
nonlinear interactions, we consider the quasilinear scalar advection equation in 2D. The equation is
given by

Opu+ a(x,y)Oyu +b(x,y)dyu = —pu(dgu + 6;1u + 638314), (16)

in Q={(x,y) e R?: % < r(x,y) < 1}, with constant extrapolation at r = % and r = 1 and periodic
boundary conditions in 8. The advection speeds are given by a(x,y) = cos(8(x,y)) and b(x,y) =
sin(@(x, y)). Thus, for u = 0, the initial conditions

u(x’ Yy, 0) = ]]{%S r(x,y)<1 AO(x,y)<3} + ]]{%S r(x,y)<3 Ar<O(x,y)<m+3}> (17)

will simply rotate in the angular direction. A colormap of the numerical solutions after a full rotation is
shown in Figure (7) for different values of u. We can see that both the desired diffusive and boundary
behavior are attained.

No Diffusion
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Figure 7: Hyperdiffusion applied to the 2D advection equation on a radial domain.

4.2 SWE lake at rest

A common requirement for shallow water solvers is well-balancing. As noted in Section 3.3, at the
analytical level, the diffusive subproblem does not perturb the well-balancing of the advective one.
However, at the numerical level, we will have perturbations larger than machine precision arising from
the iterative solution of the linear problem (13). Nevertheless, these errors do not accumulate fast,
as illustrated in Figure 8 for u € {0,1071°,1078,1076,107}, ro = 0.1, r1 = 1, and 64 grid points by
dimension. We can see that the perturbations of the lake at rest solution remain within 2.5-107%m of
the baseline (not exactly well-balanced) solution without diffusion.

4.3 SWE radial dam-break problem

Another verification test that we consider is a radial dam-break problem, for which we set the radial
and angular velocities to zero everywhere and the depth is a radial step function of the form
_ 1
hx 3,00 =T < vy + 5l rnssy (18)

in Q= {% < r < 3}. Snapshots of the solution at different times are shown in the top row and bottom
left entry of Figure 9 for the purely hyperbolic problem u = 0.
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Figure 8: Well-balancing preservation test. Zero (up to machine precision) surface elevation at ¢ = 0.

Due to the symmetry of the problem in the angular direction, the behavior of the exact solution
is effectively one-dimensional. Indeed, if we take dy = 0 and v = 0 (recalling that v denotes angular
velocity in polar coordinates) in (3), we get

h hu 0 by N (-pAZy
at(m)*ar(hu2+§gh)+(gh6,zb)+(%(u2))‘( 0 ) (19)

where
AZn=r73(r (r* 0fn+2r 830 - 02n) + 6:m) . (20)

Therefore, we can discretize (19) with a hybrid finite volume-finite difference scheme as the one de-
scribed in Section 3. A snapshot of the dam-break solution of (19) for different values of u is depicted
in the bottom right entry of Figure 9.

In the 1D and 2D scenarios, we consider reflecting boundary conditions for the radial velocity
and constant extrapolation for the other variables at ro = %. Constant extrapolation is used at the
outer radial boundary r; = 3. A comparison between the numerical solution to the 2D hyperdiffusive
problem across different radial transects, and the corresponding 1D solution is displayed in Figure 10
for different values of u. The hybrid 2D scheme preserves correctly the symmetry of the solution and
yields a good approximation of the radial 1D solution.

4.4 SWE circular hydraulic jump

Finally, we consider the hydraulic jump test, which has been the main motivation for the development
of this work. We use two approaches to generate it:

e Imposing a constant depth and inflow radial velocity uj., at the interior boundary r¢, and a
constant depth and outflow radial velocity at the exterior boundary ri. This can be thought of
as a water jet flowing into a water tank, such that the introduced volume of water is negligible
compared to the existing volume in the tank.
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Figure 9: Radial dam break problem and . Top row and bottom left entry: g =0 and N, = Ng = 384.
Bottom left entry: 1D reference radial solutions with forcing source term for different values of u,
N, =1000.

e Imposing a constant depth and inflow radial velocity uj.; at the interior boundary ry and using
a rim-like bottom topography that forces water recirculation, as illustrated in Figure 1.

From the Rankine-Hugoniot conditions, the location of the jump can be predicted from the boundary
conditions, and the exterior boundary conditions can be computed from the interior boundary condi-
tions and the location of the jump [6]. This is the procedure we follow to impose initial conditions and
exterior boundary conditions.

4.4.1 Subcritical flow with flat bottom

We consider ro = 0.1, r1 =1, hje; = 0.3, and uje; = 0.75, hoyr = 3.44 and run a simulation with different
values of u on a 384 x 384 grid to evaluate the effect of hyperdiffusion on a regime with laminar flow.
As can be seen in Figures 11 and 12, the nature of the standing front radically changes as the value of
M increases.
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Figure 10: Scatter plots of two-dimensional solution to the dam-break problem across different radial
slices and 1D reference solutions. 2D solutions computed with N, = Ng = 384, 1D solution computed
with N, = 1000.
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4.4.2 Transition to turbulent flow

A potential application of System (3), and its discretization presented herein, is the study of the tran-
sition from laminar to turbulent flow as the Froude number Fr = |u|/ \/g_h increases. Experimental
evidence suggests that turbulence is triggered suddenly as certain threshold in Fr at the jet is crossed.
However, once it settles, it does not go away immediately as Fr goes below the threshold, but de-
creases smoothly as function of Fr. Capturing this behavior with a purely hyperbolic model becomes
challenging, even with an entropy stable discretization [6], due to the apparent marginal stability of
the standing jump. A high-order diffusive term can be used as a handle to numerically capture this
behavior in a very fine grid, where numerical diffusion plays less of a stabilizer role.

While we have not reproduced the complete phenomenon, Figure 13 illustrates the transition to
turbulent flow. On a 384 x 384 discretized domain with flat bathymetry, we take hj., = 0.3, fix
p =107%, and set the location of the jump at r = 0.35. Then, we allow u ., to increase until turbulence
is triggered (outflow boundary conditions will change depending on u ;).

4.4.3 Weak scalability study with a rim-generated jump

For the final test, we consider a similar setup to the previous test. However, now we generate the
hydraulic jump with a rim in the topography as depicted in Figure 14. We fix the diffusion coefficient
to u = 1078, and consider the grid sizes N, = Ny € {32, 64, 128,256, 512, 1024} and the number of cores
Neores = (N,/32)2 € {1,4, 16,64, 256,1024}. The weak scalability test is run on IBEX’s AMD Rome
compute nodes with 128 2Ghz cores (I have not been able to successfully get Clawpack to work with
PETSc on Shaheen yet).

The results are displayed in Figures 15 and 16. For the computation of the fractions of execution
time, we’ve simply computed the difference in execution time with and without diffusion. Thus, it’s an
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Figure 13: Transition from laminar to turbulent flow in the circular hydraulic jump

unfair comparison for the solver of the advective subproblem, since its fraction includes initialization
routines and handling of DMDAs which are being used for the diffusive subproblem. Nevertheless, we
can appreciate a clear pattern: as the grid is refined the linear solves take most of the computational
cost. This can be attributed to the condition number of the matrix growing as Ar~*, requiring more
iterations for the numerical solution. We can see a fast drop in parallel efficiency as the grid size
increases. The main reason for this is that, despite each core handling a constant number of grid
points, the CFL condition (8) forces us to take more time steps per processor as we refine, and the
problem size per processor does not remain constant.

5 Future work

e The improvements to the structure of the stiffness matrix discussed in Section 3.3 are a clear
next step to improve the robustness and efficiency of the solver.

No diffusion

Figure 14: Setup for weak scalability test
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A detailed characterization of turbulence, as discussed in Section 4.4.2 would be an interesting
research direction in which this solver can be used.

Eventually, we would like to incorporate this solver (and perhaps some of these tests as examples)
to the Clawpack/PyClaw repository.

Hyperviscosity could be used to search for polygonal-shaped hydraulic jumps, as the ones found
experimentally in [11].

Future work could include the addition of differential source terms that account for dispersive
behavior. A particularly interesting one is a linear third-order dispersive source term analogous
to Nwogu’s Boussinesqg-type equation [9, Eq. (1.1), b=c =0].
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A Linear stability of diffusive subproblem

To show the linear stability of the hyperdiffusive operator, we consider a plane Fourier mode Ansatz
n(x,y,1) =ngexp [i(kix + kay - w)], (21)
for the diffusive subproblem (DIFF) in cartesian coordinates. Then, we get
dn =~wi, Vn=in (2) B ==k +kDn, A% = (kF + kD)%, (22)
which, after being inserted into the PDE, yields
—iwn = —u(k} +k3)°n = @ = —iu(k] + k3)*. (23)

Therefore, the imaginary part of the linear dispersion relation w will be negative, and thus the PDE
will be linearly stable, as long as u > 0.
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